We prove results on absolute continuity and singularity of the distribution of geometric series with randomly increasing exponents.
Introduction.
There are two techniques in geometric measure theory which were successfully applied in the last decades. On the one hand we have results on the Hausdorff dimension of geometric measures, which especially imply their singularity. On the other hand transversality properties of a symbolic coding allow to prove generic results on absolute continuity and density of geometric measures. We especially have a couple of results on absolute continuity of the distribution of power series with random coefficients [1, [13] [14] [15] 17, 19] and other non-uniform self similar measures [9, 11, 12] , as well as results on geometric Markov measures [6] . We change the focus here to geometric series with randomly increasing exponents. These random variables and their distribution are natural and worth to study. Nevertheless we find no results in the literature. In this paper we determine the border of singularity and generic absolute continuity of the distribution of a geometric series with exponents chosen according to a random variable X by e −H(X)/E(X) , see Theorem 2.1 below. We calculate this quantity for some well known distributions X. The singularity assertion follows from an estimate on the Hausdorff dimension of the distribution, see Theorem 3.1. The proof of this result uses local dimension, Shannon's entropy theorem, and the law of large numbers. In Theorem 4.1 we determine intervals where the distribution of geometric series with random exponents have generically a density in L q . The assertion of absolute continuity of the measures is just a corollary to this theorem. The proof is based on the transversality of the coding map and the local density of the distribution. The transversality techniques give an upper bound on the interval absolute continuity, which we conjecture not to be sharp.
Definition of measures and main results.
Let X be a random variable taking values in N, and set p i := P (X = i) for i ∈ N. We assume that X has finite expectation value
and entropy
Here we use the convention p i log(p i ) = 0 for p i = 0. For β ∈ (0, 1) we consider geometric series with randomly increasing exponents,
where the random variables X k are independent and identically distributed according to X. Let μ β be the Borel probability measure on R describing the distribution of X β , that is
for all Borel sets B ⊆ R. Now we introduce another description of μ β . Consider N N equipped with the product of the discrete topology on N. This is a perfect, totally disconnected Polish space, see [3] . The random variable X induces a product measure μ on N N with
Obviously the distribution of a geometric series with randomly increasing exponents μ β is the projection of μ under the map π β :
β , a simple calculation shows that μ β is self-similar with respect to the iterated function system {T i x = β i (x + 1)|i ∈ N}. That means
see [8] for the general theory of iterated function systems. Recall that μ β is singular with respect to the Lebesgue measure λ if there is a Borel set B ⊆ R with λ(B) = 0 and μ β (B) = 1. Our μ β is absolutely
